Abstract-To overcome the problem that single input single output (SISO) Volterra cannot model subharmonic components of ultrasound contrast agent (UCA), we propose the multiple-input-single-output (MISO) Volterra in this paper. The Volterra kernel estimations are carried out using singular value decomposition (SVD) method from numerical simulation data of representative of subharmonic based on the Church's model. The performance of the method is evaluated using the normalized mean-square errors (NMSE) for the first-, secondand third-order Volterra model. Accuracy of the outputs from Volterra model is shown both in time domain and frequency domain. The resulting estimation from the third-order MISO Volterra model provides the best achievable improvement at the NMSE of -12.01 dB for 0.6 MPa excitation pressure (optimal of subharmonic generation).
I. INTRODUCTION
Ultrasound contrast agents (UCAs) consist of encapsulated gas microbubbles with typical diameters of a few microns that are injected into blood. UCAs are used in ultrasound medical applications as contrast agents to enhance backscatter signals between blood and surrounding tissues for improving the quality of ultrasound images [1] - [3] . The behavior of UCAs depends on the amplitude levels of the acoustic pressure of incident ultrasound wave. Additionally, the excitation pressure input at a transmit frequency of f 0 can enable the response signals consisting of both higher harmonic (2f 0 , 3f 0 , etc.) and subharmonic (f 0 /2) components [4] . To employ the second harmonic generation from UCAs, the harmonic imaging (HI; 2f 0 ) has been developed [5] . However, the second harmonic generation and accumulation in tissue may lead to the tradeoff in contrast resolution [6] .
Under specific conditions, UCAs can generate subharmonic components and imaging modality based on subharmonics can be employed. The advantage of subharmonic imaging (SHI; f 0 /2) compared to HI is that tissue signal is minimal. This results in the potential to produce higher contrast-to-tissue rations (CTR). Reports have described the feasibility and implementation of SHI [6] [7] [8] . To improve the subharmonic generation from UCAs the knowledge about the description of acoustic properties of Manuscript received April 16, 2012 ; revised May 9, 2012 . This work was financially supported by Department of Electrical Engineering, Faculty Engineering, Prince of Songkla University, Thailand
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UCAs is necessary and needed. Researchers have been developed the equation for modeling free gas microbubble oscillation based on the relationship between the physical parameters of the encapsulated microbubble and the excitation pressure as reported in [9] [10] . For example, the subharmonic simulations resulting from the Church's equation are shown to be in agreement with those from the experimental results [11] .
The equation models enable the simulation of UCA oscillation behavior but they cannot be employed as a harmonic separation model for imaging purposes. As a result, the nonlinear model based on the Volterra series is introduced. Volterra series can be used as an appropriate mathematical model for UCA nonlinear oscillation and a harmonic separation model for imaging purposes. The model for describing the nonlinear oscillation of UCAs based on single-input-single-output (SISO) Volterra series was given in [12] . The application of Volterra series based on prediction model for improving the quality of ultrasound imaging was presented in [13] . However, SISO Volterra series cannot model subharmonic oscillation systems.
To use Volterra series as a model for subharmonic oscillation systems, some modifications of input signals are required and the multiple-input-single-output (MISO) Volterra series is introduced [14] - [15] . The main purpose of this paper is to apply MISO Volterra series for modeling subharmonic oscillation from UCA. The identification of Volterra kernels can be solved numerically a system of linear equations. Results from the model based on MISO Volterra series provide another ways for the understanding of UCA subharmonic generation. This may lead to a new imaging modality, which utilizes the subharmonic separation based MISO Volterra series.
The rest of this paper is organized as follows. Section II presents the Volterra system representation and the identification method for determining the coefficients of Volterra series. The identification details of a third-order MISO Volterra model with simulation data obtained from the Church's equation are given in Section III. Comparison results between the output of Church's equation and the predicted output from the third-order MISO Volterra model at different excitation amplitudes and series lengths are shown in Section IV. Finally, we summarize and discuss our finding in Section V.
II. VOLTERRA SYSTEM

A. Volterra Series Expansion
The Volterra series expansion is widely employed to represent the input/output description for nonlinear systems analysis. The notation of Volterra series was first introduced by the Italian mathematician Vito Volterra. An example of Volterra theory application was nonlinear circuit analysis by the mathematician Norbert Wiener [16] . The theory states that any time-invariant systems can be modeled with the input-output relationship as, 
where y(t) denotes the response of predicted model, x(t) denotes the excitation of the system, h
kth-order Volterra kernel and  k is the system memory. Alternatively, the representation of causal discrete-time Volterra series can be expressed as [17] 
where y(n) and x(n) denote the input and output data sequence, respectively, N is the number of samples memory of kth-order truncated Volterra series. A kth-order Volterra kernel is bounded-input bounded-output (BIBO) stable if
For kernels length of samples identified in (2) , the number of all coefficients in kernels can be calculated as
where k is the system order and if it is excessively large, the system memory K will be increase.
B. System Identification
In system identification, the relation between the response y(n) of the model and its input x(n) in (2), can be written in the matrix form
The output vector y of the system is defined as
where the input matrix X is defined as:
and the coefficient vector h is defined as:
Then, the Volterra kernel of a system is calculated with the following equation:
The solution of a linear system of equations can be written using a singular value decomposition (SVD) of X, which is defined as [18]
where U is an m × m orthonormal matrix V is an n × n orthonormal matrix and  is an m × n diagonal matrix. σ = diag ()  are the singular value sorted in descending order σ 1 ≥ σ 2 ≥ … ≥ σ n ≥ 0. The solution is then given by
The SVD of X forms a basis for regularization. The truncated SVD (TSVD) regularization can be obtained when the singular values are modified with the condition
where α is a certain threshold. The selected threshold value is optimized solution that is in minimum norm least squares of the estimation error, i.e., 
III. METHODS
A. Simulation of Subharmonic generation
Subharmonic data were obtained from the simulation of microbubble oscillation behavior, which were numerical solutions of the Church's equation given by [10] 
International Journal of Computer and Electrical Engineering, Vol. 4, No. 4, August 2012 where R is the instantaneous radius of the microbubble, R', R" are the first and second time derivatives of instantaneous radius, respectively. The parameter terms in (11) are defined in the Table I . The P in (t) = pcos(ωt) is a sinusoidal pulse of the incident excitation amplitude pressure (p) at a frequency of ω rad/s. The resonance frequency (f 0 ) of the encapsulated microbubble is
The acoustic pressure at a distance of r = 0.6 cm from the center of the microbubble can be expressed as
The excitation pressure has a frequency at twice of the resonance frequency (2f 0 = 4.5 MHz) with a time duration of 40 s. This excitation was shown to be optimized for subharmonic generation as presented in [19] . The sampling frequency was at 60 MHz. The solution of (11) is computed by using a fourth-order Runge-Kutta algorithm with the initial conditions R = R 0 and R' = 0 at time t = 0.
B. MISO Volterra Series Identification
The solutions from the Church's model are used in the identification of a third-order MISO Volterra series, which is given by 
whereˆ( ) yn is the predicted output from Volterra series, 0 ,
are the coefficients of the zero-order, first-order, second-order, and third-order Volterra kernels, respectively. x(n) denotes the acoustic pressure input signal. The SISO Volterra series cannot model subharmonics because the Volterra series responds to a periodic excitation with a periodic signal with the same period. However, if the input and output signals are modified to have the period T, which corresponding to the subharmonic period, the Volterra series could be used for modeling the sub harmonics oscillation by the MISO method [14] - [15] . The input and output signals P in and P out are decomposed to p-dimensional as P in(mod) = [x 1 ;…;x i ;…; 
). Fig. 1 shows the block diagram of Volterra series kernel identification using the simulation data generated from microbubble model. After identification, all coefficients of the zero-order, first-order, second-order, and third-order Volterra kernels are determined. Then, the estimated subharmonic signal can be determined from the third-order MISO Volterra series according to the block diagram shown in Fig. 2 . The input P in is modified to be P in(mod) with a time multiplexer M. The output from each subsystem 
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IV. RESULTS AND DISCUSSION
A. Simulation of Subharmonic generation
In order to estimate the values of coefficients from the MISO Volterra model, we use the predicted output in which the modified input-output signals are obtained by using (15-17b) . Fig. 3-5 shows the predicted output for excitation pressures of 0.1 MPa, 0.6 MPa and 1.2 MPa. The results from comparison between input and output signals show that the predicted output consisting of subharmonics has a period two times larger than that of the original input.
Next step, the original input-output signals are decomposed to the input components Fig. 6(a)-(b) , Fig. 7(a)-(b) , and Fig.8(a)-(b) were used for finding the coefficients of MISO Volterra model. After the coefficients are identified, the third-order MISO Volterra model for subharmonic system can be expressed as The MISO model in (21) is corresponding to the predicted output as the structure given in Fig. 2 . 
B. System Memory
The NMSE results for the excitation pressure of 0.1 MPa, 0.6 MPa, and 1.2 MPa obtained by varying the length of system memory from 2 to 22 are shown in Fig. 9-11 .
At 0.1 MPa of excitation pressure (Fig. 9) , there is a small difference for the NMSE in the range of 2-16 sample length of system memory. The NMSE performance of the first-order MISO Volterra series with the length of 22 sample system memory is -11.21 dB. When the orders increase to the second and the third, the NMSE values decrease to -18.04 dB and -30.48 dB, respectively.
For an excitation pressure of 0.6 MPa (Fig. 10) , the memory length of 22 samples provides the best achievable NMSE from the first-order Volterra series at -3.97 dB. The second-order and third-order terms improve the attainable NMSE to -8.16 dB and -12.01 dB, respectively.
For an excitation pressure of 1.2 MPa (Fig. 11) , significant difference in NMSE values for first-order second-order and third-order Volterra series can be seen. This is due to the fact that the nonlinearity of the microbubble becomes apparent at the high excitation pressure. At a memory length of 22 samples, the NMSE values of first-order, second-order and third-order terms are -2.95 dB, -5.16 dB and -6.52 dB, respectively.
C. Responses of MISO Volterra Series Model
In this section, we demonstrate a capability of a third-orderVolterra MISO model to estimate the oscillation behavior of microbubble in both time and frequency domains. The estimated first-, second-and third-order Volterra models were tested with excitation pressure inputs of 0.1, 0.6 and 1.2 MPa. The first-order model includes only the linear operator while the second-order model also includes both the linear and quadratic operator, and third-order Volterra model includes the linear, second and third operator. The length of system memory N = 22 was used in kernel estimation. Fig. 9 . NMSE as a function of system memory for 0.1 MPa excitation pressure resulting from the first-, second-and third-order MISO Volterra series. Fig. 10 . NMSE as a function of system memory for 0.6 MPa excitation pressure resulting from the first-, second-and third-order MISO Volterra series. Fig. 11 . NMSE as a function of system memory for 1.2 MPa excitation pressure resulting from the first-, second-and third-order MISO Volterra series. The comparisons between the outputs from Church's equation and the MISO models are shown in Fig. 12-14 . The results show that the predicted outputs from the third-order Volterra can achieve better approximation compared to those from the first-order and the second-order Volterra for all amplitude input cases of 0.1, 0.6 and 1.2 MPa as shown in Fig.  12 (c), 13(c) and 14(c), respectively. The corresponding results can be seen in the frequency domain between the spectra of signals from Church's model and the third-order Volterra models as shown in Fig. 15, Fig. 16 and Fig. 17 , respectively. ** 
V. CONCLUSIONS AND DISCUSSION
In this work, we have presented the modeling the oscillation behavior of subharmonics of ultrasound contrast agent by using MISO Volterra model. The proposed method employs the modification of input-output signals for identifying the kernels of the third-order Volterra model. The MISO method has been successfully illustrated in modeling subharmonic signals from the numerical solution of Church's equation. The results show that the predicted output from the third-order MISO Volterra can accurately approximate the responses from the Church's equation both in time domain and frequency domain.
